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Part I: introduction and general situation

JACEK KRAJCZOK



DEFINITION (COMPACT QUANTUM GROUP) [WORONOWICZ ’98]

Compact quantum group G consists of:

@ a unital C*-algebra 2,

a unital *-homomorphism A: 2 — 2A® 2 (comultiplication) such
that:

(A ®id)A = (id ® A)A,
span A(2)(1®A) = span A(A) (AR 1) = AR A,

@ [Woronowicz, Van Daele] There exisits a unique Haar integral: state
h € 2A* which is invariant:
(h®id)A(r) = (id® h)A(z) = h(z)l (x €2).
Throughout the talk, I'll assume that A faithful.

Let (L?(G), 7, ) be the GNS representation for h.
We write C(G) = m,(A), L=(G) = m,(A)”, L*(G) = L=°(G),.
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@ Let G be a compact Hausdorff group with Haar measure y. Define
C(G) = C(G) and A via

Af)(z,y) = flzy) (f € C(G), 2,y € G).
Then L*(G) = L*(G), h = [ -du.
e Let I' be a discrete group. Define C(G) = C*(T") and
A:CiI) oA — A, ®N € CH(T) ® Cr(T).

Then h(Ay) = dey and L=(G) = L(I"). We write G = L.
e With any quantum group G we can associate its dual G and
G~G.IfGis compact, G is discrete.

JACEK KRAJCZOK



ExamMpPLE: G =8SU,(2) (0 <¢g< 1)

e C(SU4(2)) is defined as the universal unital C*-algebra generated
by a,v € C(SU4(2)) such that

o —qv
v ar

] is unitary.

o A: C(SU4(2)) — C(SU4(2)) ® C(SU4(2)) acts via

Ala)=a®a—q97" ®7,
A(Y)=7®a+a" ®7.

o L2(SUq(2)) = mn(C(SU4(2)))".
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MODULAR THEORY OF G

@ There is a point-w™ continuous group of modular automorphisms

of € Aut(L®°(G)) (t € R)

h(zy) = h(y UZ(JJ)) (z,y € L>(G) nice).

@ There is a point-w* continuous group of scaling automorphisms
7 € Aut(L>®(G)). 7—; = S%, where Sg is the antipode.
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MODULAR THEORY OF G

e Compact quantum groups have representation theory resembling
the classical one.

Irr(G) — set of (classes of) irreducible representations
aelr(G) ~ U®eC(G)®B(H,), dimH, < +oco.

{§a}dlm ) orthonormal basis of Hg ~ U =(1de w,gg}gjq)Ua € C(G).

There is a family of positive, invertible operators p, € B(H,).

Automorphisms o, 7; can be expressed using p,,.

U?(Uﬁj) = (pa,ipa,j)itUﬁy Tt(UiOfg) (pu L)ltUzag»

Do,j

where Pa = diag(pa,la R pa,dirn(a))-
h is tracial @Vtaf =ide Vapa=1 &V, =id.
In this case G is of Kac type.
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o If G =G then h = [ -du hence o' = 7, = id.

o If G =T with I discrete (so L®(G) = L(I)) then h(\,) = 4.
hence also o} = 7; = id.

o If G = SU,(2) then the Haar integral h is not tracial and

h

o () = ¢ *a, of

y O (’7) =7
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MODULAR INVARIANTS — MOTIVATION

e Fix 0 < A < 1. With Piotr we’ve constructed a family of CQGs
{K;};ery such that L°(K;) is the injective type III, factor.

e How can we show that that K; # K;/?

o {1,c}jcy — basis of R over Q, I'; = améﬁZ,

K; =T;>xG viaT'; x L*(G) 3 (v,2) — 7y(x) € L™(G).

o 7, € In(L=(K;)) if and only if ¢ € T; + 257

= K; £ Ky (j # ).
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Let G be a compact quantum group.

[K., SOETAN ’23] MODULAR INVARIANTS

Define subgroups of R:
T7(G) = {t e R| 7z = id},
Tin(G) = {t e R| 7 € Inn(L*(G))},
TZ—(G) = {t € R|7: € Inn(L>*°(G))}.

Inn

And similarly 7°(G) = {t € R| o} = id}, T2, (G), TZ—(G).

’ " Inn

o T2 .(G) =T(L*(G)) is the Connes’ T-invariant.
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Let G be a locally compact quantum group.

[K., SOLTAN ’23] MODULAR INVARIANTS

Define subgroups of R:
T7(G) ={t e R| 7 = id},
T1n(G) = {t € R| 7 € Inn(L>(G))},
T—(G)={teR|n € Inn(L*(G))}.

In

And similarly 7°(G) = {t € R|of =id}, 7%, (G), TZ-(G),

> Inn

Mod(G) = {t € R|§" = 1} where 67L>(G) is the modular element.

o T2 .(G) = T(L*(G)) is the Connes’ T-invariant.

@ All these sets depends only on the isomorphism class of G.
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Let G be a locally compact quantum group.

MODULAR INVARIANTS
@ A priori we obtain 14 subgroups of R:

T7, T T, 77, TGy, T2— and Mod for G, G.

o
Inn

@ There are easy reductions:

T7(G) =T7(G), T°(G)=T"(G)NMod(G)
so we have 11 subgroups. It follows from

o (Tt & ?t)WG = WG,
o Vil =6""P~" (P" implements 7 and 7;).
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MODULAR INVARIANTS

~

o If G is compact then § = 1,0%(G) = [[ e (g) B(Ha) so we are left with
6 invariants

~

T7(G), Tion(G), T (G), Tiin (G), TE5(G), Mod(G).

’ T Inn

o If additionally L*(G) is semifinite, then 77, (G) = T7—(G) = R and
there are 4 possibly non-trivial invariants. This is the case for G|.
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G is second countable < C(G) is separable.

[K., SOLTAN ’23] CONJECTURE

Let G be a second countable compact quantum group. Assume
T (G) =R. Is G of Kac type?

Inn

e Equivalently: G second countable, not of Kac type. Do we have
Ty, (G) # R?
e [K., Sottan 23] The answer is affirmative in special cases:

o there is a unitary representation U with 2 = dim(U) < dimy(U),
o C*(G) is type I, in particular G = G,

G-=U},
o G satisfies an ICC-type condition.
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Part II: g-deformations

JACEK KRAJCZOK



LIE GROUP G AND COMPANIONS

@ Let G be a simply connected, semisimple, compact Lie group with:

e complexified Lie algebra g,

e maximal torus T" ~ T' C G with complexified Lie algebra b

e root system ® C h*, positive roots ®*, simple roots
ay,... 0 € 0T,

o Weyl group W and W-invariant (-|-) form on h such that {o|a) = 2
for short roots a.

o Weyl vector p=1> o a€PT,

e root and weight lattice Q C P C b*,

e positive cone Pt C P.

For SU(n+1):r=n,W = S,41,

P= {()\17--‘7)\n+1)‘/\i —)\j S Z}/R(l,...71) :Z”,
n+1

Q={(\yee Aur) [N €Z, 3 N = 0}/R(L, ..., 1), P/Q = Zys,
=1

Pt = {1, A1) | N — A1 € Zy }/R(L, ..., 1),
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Fix0<g< 1.

g-DEFORMED ENVELOPING ALGEBRA OF ¢
e U,g is the unital algebra generated by F;, I}, K;, Ki_l (I1<i<r)
satisfying certain relations.

e U,g has structure of a Hopf x-algebra. If 7: U,g — B(J¢) is a
*-representation, then £ € 7 has weight wt(§) € P if

Vici<r T(K;G)E = gWi©lea) ¢

e P — (Finite-dimensional irreducible representations which are
direct sums of weight spaces): w +— (%, )

e Pol(G,) = span{matrix coefficients of 7 as above} C (U,g)*.
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COMPACT QUANTUM GROUP G,

e We complete Pol(G,) to a C*-algebra C(Gy) and Gy is a CQG.
o Irr(G,) = PT, Pol(G,) is spanned by

U=(&,m) (weP*,&ne Ay, wi(E), wh(n) € P).

e Pairing U,g x Pol(G,) — C is given by

(z, UZ(&;m)) = (lme(x)n).
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AUTOMORPHISMS FOR G,

o g (U™(£,n)) = gPAWH OO g= (g ),
o T(U(€,m)) = ¢y (g, ).
where p € P is the Weyl vector and (-|-) is the W-invariant form on

b*.
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C*-ALGEBRA C(Gy)

@ [Soibelman]| Irreducible representations of C(G,) are (up to equivalence)
precisely

TAw = TAKTy = (7T>\®7T,w)AZ C(Gq) - B(KQ(Z-"-)@Z(HJ)) (()\,U}) € TXW)

)

where

™ C(Gg) 3UZ(E,m) — (€l (wt(§), ) € C

are characters and
T - C(Gq) - B(£2 (Z+)®£(w) )

are built using C(G,) — C(SU,, (2)) — B(¢%(Z4)).
e C(G,) is type L.
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HAAR INTEGRAL ON G,

o [Reshetikhin-Yakimov ’01] Haar integral on G, can be calculated
as

h(@) = (I] 1= [ Te(mau @lbP) dr (@ € C(Gy)

acdt

where d\ is normalised Lebesgue measure on T', w, is the longest
element in W,
o b, =U’(&, Nwop) € Pol(Gy) (equal to —y for SU4(2)).
@ Desmedt’s theorem: we obtain:
o unitary Qr: L*(G fT HS(54) dX such that
o QrL™(G, QL—fT () @ T dA.
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[K., SOETAN ’23] SCALING GROUP
Fort cR,z= [Pr)\® 157 dA € L™(Gq) we have

S . .
(@) = [ T (ol rnar s (1) © L dA
where R 3 ¢ — Ay € T is given by (@, A;) = ¢?1®)it (o € P ~ T).

o Corollary: Ty, (Gq) = Ti—(Gq).
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(Levnva
° {(2ple) | € Q} = 22,
{

o {(2p|w)|w € P} = T4Z is a nontrivial subgroup of Z (T4 € N).

[K., SOLTAN ’23] THEOREM

Modular invariants for G, are given by

T™(Gy) = 22, Tion(Gy) = TE(G,) = Mod(Gy) =

log(q) To lgg(q) Z

Consequently Conjecture holds for Gj.
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IRREDUCIBLE ROOT SYSTEMS

e Every root system ® decomposes as &1 @ - - - § ®; for P;
irreducible.

o Tq; = ng(T<p1, c. ,T@l).
@ Irreducible root systems are classifed:

type A, (n >1),G =SU(n + 1),
type By (n > 2),G = Spin(2n + 1),
type Cp (n > 3),G = Sp(2n),

type D,, (n > 4), G = Spin(2n),
exceptional types: Eg, E7, Bg, Fy, Go.
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TT(Gq) = e L T, (Gq) =

T 7
log(q) ™ ~Inn T log(q)

[K., SOLTAN ’23] INVARIANTS IN SIMPLE CASE
@ A,(n>1), G, =SUy(n+1): Te =1(n odd), Yo = 2 (n even).
o In particular Yo = 2 for SU,(3).

@ B,(n>2):Te =1(nodd),Te =2 (n even).
o Cph(n>3): Te =2
@ D,(n>4):Tep=2(ne€dN+{0,1}),Ts = 1(n € 4N + {2,3}).

@ For Eg, E7, Eg, Fy, Go number Y¢ is equal to 2,1, 2,2, 2.
dim(w) > 2 for non-trivial @ € PT.

COROLLARY

If T¢ > 2, then G, has non-trivial, inner scaling automorphisms not
implemented by a group-like unitary.
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[K., SOELTAN ’23] INNER SCALING AUTOMORPHISM

e Choose G such that T¢ = 2 and set tg = 575 Tog(@)" Then
T¢, € Aut(G,) is inner, non-trivial, not implemented by a
group-like unitary.

o 7y, is implemented by unitary [ 7, (|b,]) %% ® 17 dA.

o If i, = Ad(v) then v ¢ C(Gy). Consequently 7, [C(Gq) is not inner.

v

These results hold in particular for G4 = SU4(3).
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Part III: Special case of conjecture
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[K., SOLTAN ’23] THEOREM

Let G be a second countable compact quantum group, assume:

@ there is a finite dimensional unitary representation U with
2 =dim(U) < dimy(U).
Then 17 . (G) # R.
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@ Assume by contradiction 77, (G) = R. Then 7, = Ad(a®) for strictly
positive anL>(G).
@ There is a family of irreducible representations (U™), ey such that:

o Ul=U,
]

'Y(Un) — ’V(U)QH,F(UH) — F(U)2"7’}/<Un> — F(Un>—1
where v(U™),T(U"™) is the smallest/largest eigenvalue of pyn.

; _nwr)
° lnf”EN dun 2(U™) > 0.
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o Set H =G x G, write ||z|y = hg(z*z)"/2.
o Set gy = |la¥ ® a® — 1 ® 1|5 for t € R and
Xn=U" dimun @ Uldimun 1-
o We have o (X,) = X,,, 7(X,,) = T(U")~%*X,, and

_ _wM) : rwm)
1Xnll2 = g,y = nf G @my = ¢ > 0.
o Using 7' = Ad(a" ® a™*) we obtain
DO~ = e < DU ™ = 1] Xall2 = 77 (Xn) = Xall2
— H(ait ® ait)Xn(afit ® a*l’t) . XnH2
< e < 457‘,-

g — 0, T(U") =T (U)*®» —— 400 ~» contradiction.
t\.0 n—oo
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